The geometry that minimizes the electrical constriction resistance of thin film contact is identified for both Cartesian and cylindrical geometries. Assuming uniform resistivity on an idealized model, simple scaling laws for the thin film contact resistance are constructed, for arbitrary ratio of constriction size to film thickness. Optimal conditions to minimize the thin film contact resistance are identified. The analytic calculations are confirmed with numerical code results.
to the top terminal GH. The resistivity is assumed constant for the whole pattern. We also assume that L 2 ӷ h, L 2 ӷ a, and L 1 ӷ a, so that the current flows are uniform at all the ends E, F, G, and H, far from the joint region. The total resistance R from EF to GH is found to be
where W denotes the channel width in the third, ignorable dimension that is perpendicular to the paper, and the rest of the symbols have been defined in Fig. 1 . In Eq. ͑1͒, the first term represents the bulk resistance of the thin film base, from A to F, and from D to E. The third term represents the bulk resistance of the top region from B to G. The second term represents the remaining constriction resistance R c for the region ABCD. If we express the constriction ͑contact͒ resistance as R c = ͑ / 4W͒R c for the Cartesian case, we find that R c depends only on the aspect ratio a / h, as explicitly shown in Eq. ͑1͒. The exact expression for R c can be simply derived from conformal mapping 3, 13, 17 
which is plotted in Fig. 2 will be lengthened whenever the aspect ratio of a / h deviates from 1. Thus, the constriction ͑contact͒ resistance is minimized when a = h, at which R c =2 − 4 ln 2 = 3.5106. Taylor expansion of Eq. ͑2͒ yields the asymptotic expressions
which are also shown in Fig. 2 .
Since the cylindrical geometry shown in Fig. 1 cannot be solved by conformal mapping, we shall use a Fourier representation for the solutions in the cylindrical tube at the top, and in the circular disk at the bottom, and then match the solutions at the interface BC. This procedure extends the one given in Appendix A of Ref. 15 , and will be published elsewhere. As a validation, we have applied this Fourier representation technique to the Cartesian geometry and compared with the results obtained from conformal mapping. This comparison is also shown in Fig. 2 . Excellent agreement is noted. This validation added confidence on the Fourier representation method as applied to the cylindrical geometry, reported below.
In the cylindrical configuration ͑Fig. 1͒, a long cylindrical rod of radius a is standing on the center of large thin-film circular disk of thickness h and radius b = a + L 2 . Current flows inside the thin-film disk, from circular rim, E and F, to terminal GH. Once more, we assume L 1 ӷ a, L 2 ӷ a, and L 2 ӷ h, so that the current flow is uniform at F and G, far from the constriction region ABCD. For constant resistivity the total resistance R from EF to GH is found to be
In Eq. ͑4͒, the first term represents the bulk resistance of the thin film, exterior to the constriction region ABCD. It is simply the resistance of a disk of inner radius a, outer radius b, and thickness h. 9 The third term represents the bulk resistance of the top cylinder, BCHG. The second term represents the remaining constriction resistance R c for the region ABCD. The constriction ͑contact͒ resistance is expressed as R c = ͑ / 4a͒R c for the cylindrical case. The theoretical result for R c , obtained from the Fourier representation method, is shown by the solid curve in Fig. 3 . This curve may be fitted with the following formula: It is natural to anticipate that when L 2 ӷ h, L 2 ӷ a, and L 1 ӷ a, R c depends only on the aspect ratio a / h, as shown in Eq. ͑4͒ and Fig. 3 . These conditions guarantee that the current flows are uniform at F and G, far away from the constriction region. Thus, the normalized contact resistance R c , which arises primarily in the immediate vicinity of the constriction edge, is independent of b. Somewhat unexpectedly, our Fourier representation data reveal that the sole dependence of R c on a / h is observed for a much broader range of parameters, as long as either L 2 ӷ a or L 2 ӷ h. This is probably due to the fact that if L 2 ӷ a, the electrostatic fringe field at the corner B ͑Fig. 1͒ is restricted to a distance of at most a few a's, making the flow field at the terminal F insensitive to b. Likewise, if L 2 ӷ h, the electrostatic fringe field at the corner B is restricted to a distance of at most a few h's, making the flow field at the terminal F also insensitive to b. Thus, for a given ratio of a / h, Eq. ͑5͒ may be readily used to evaluate the corresponding constriction ͑contact͒ resistance R c , provided L 1 ӷ a, and either L 2 ӷ h or L 2 ӷ a. Figure 3 shows that there is also a minimum value of R c for the cylindrical geometry. This minimum value is 0.42, occurring at a / h Х 1.6. The cylindrical case differs from the Cartesian case in one aspect, namely, as a / h → 0, our numerical calculations show that R c converges to a constant value of about 1.04. The explanation follows. If a / h → 0, both the radius and thickness of the film region are much larger than the radius a of the top cylinder, as if two semi- Fig. 3 . Good agreement is noted in general. The discrepancies, e.g., in the leftmost and rightmost data point in Fig. 3 , are due to the large contrasts in the dimensions ͑L 1 , b , a , h͒, as well as insufficiently fine meshing of the MAXWELL 3D code, for which the MAXWELL 3D code results are less accurate.
In this paper, analytic scalings for the constriction ͑or contact͒ resistance of thin films are presented, for both Cartesian and cylindrical configurations. For the Cartesian case, R c is minimized at a / h =1. If a / h deviates from 1, R c increases logarithmically. For the cylindrical case, minimum R c occurs at a / h = 1.6. In the limit a / h → 0, R c converges to the known limit of 1.0404. Our analysis here may readily be adapted to thermal conduction in thin film structures under steady state. It could also be applicable to the maximization of channel flow at a given pressure. 
